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Preface

HIS IS NOT a conventional textbook. It is a story about mathematics,
but told as a journey. You will meet Thandiwe (Thandi), the curious
student who always asks “why?”; Sipho, the engineer who wants things
to work in practice; Professor Khumalo, the wise guide who explains
complexity in simple words; and The Machine, an Al voice that reminds
us of both its fragility and its power.

Each chapter is a landscape, a cathedral, a city, or a garden. Through them
we explore the mathematics behind Al not as dry formulas, but as living
ideas that shape how machines learn, fail, and may yet transform.

Key Insight

This book is for both the technical reader and the non-technical
explorer. It blends rigour with storytelling, showing that disruption
in Al will not come only from faster chips or larger datasets, but from
mathematics itself.

Why South Africa matters: As Africa’s most advanced tech economy
and home to world-class universities, South Africa stands at a crucial
moment. Our mathematicians, data scientists, and engineers can
shape Al’s future — not just consume it. This book is written for
those who will build that future.

Welcome to the journey.
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Cast of Characters

Thandiwe (Thandi): A curious graduate student at Wits
University, asking the simple but profound questions.

Sipho: A seasoned engineer from Cape Town’s tech scene,
sceptical and pragmatic, grounded in the frustrations of practice.

Prof. Khumalo: A mathematician and teacher at UCT, blend-
ing rigour with metaphor, guiding the journey.

The Machine: The Al itself, a voice of probability, often cryptic,
reminding us of its mathematical limits.

vii




Chapter ]_

The Machine That Speaks:
Floating-Point Fragility

The Uneasy Student

faintly of old chalk and newer Ricoffy. Thandiwe sat cross-legged on

the wooden chair, notebook open, pen poised. She had been working
with an Al chatbot for weeks, drafting sections of her master’s thesis. But
something bothered her. She turned to her mentor.

THE SEMINAR ROOM at the University of the Witwatersrand smelled

“Professor Khumalo,” Thandi began, “yesterday I asked the Machine to tell
me about Thabo Mbeki’s quiet diplomacy. The answer was brilliant. Then
I asked the exact same question again. This time, it gave me something
different. Same facts, different words. Why? I set the temperature to zero.
Shouldn’t it always give the same thing?”

Sipho, who had been fiddling with his laptop in the corner, chuckled. “Wel-
come to the engineer’s headache, sisi. Determinism is a lie.”

The Machine itself, projected on the big screen, pulsed faintly with its
waiting cursor. Almost as if it was listening.

Prof. Khumalo smiled, the way he always did when he saw curiosity in
action. “Ah, Thandi. You've stumbled into one of the most fascinating
truths of our digital age: the machine is bound by mathematics, but the
mathematics it uses is not the one you met in school.”
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The Myth of Perfect Arithmetic

Prof. Khumalo walked to the board and wrote in bold letters:

Mathematical Foundation

(a+b)+c=a+ (b+c)

Associativity — An axiom of arithmetic. In the realm of real numbers,
this always holds. It’s as sacred as commutativity or distributivity.

He paused, turning to Thandi. “But computers don’t live in that realm.
They live in a cramped, rented apartment version of it. Floating-point
arithmetic.”

Sipho groaned. “Oh, the cursed floats. I've spent more hours debugging
NaNs than sleeping, and I work at a fintech in Sandton.”

The professor drew a long number line. On it, he marked a few integers,
then shaded enormous gaps between them.

“Think of it like the minibus taxi routes in Johannesburg,” Khumalo ex-
plained. “They don’t stop everywhere — only at certain points. Between
those stops, you're stuck. Floating-point numbers are the same. The ma-
chine can only land on certain values, leaving vast gaps in between.”

Key Insight

In floating-point arithmetic, we don’t have infinite precision. We only
get to represent certain numbers. The machine stores numbers in
two parts: a mantissa for the digits, and an exponent for the scale.
That gives us range, but at the price of gaps. Some numbers can’t be
represented exactly at all.

Thandi frowned. “But if it’s all just approximation, why don’t the results
always collapse? Why do they sometimes look so clean?”

Prof. Khumalo grinned. “Because most of the time, the approximations are
good enough. But when tiny and huge numbers collide, things get lost.”
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He scrawled an example:

Mathematical Foundation

(0.1 4 1€20) — 1e20 = 0.0
0.1+ (1e20 — 1e20) = 0.1

Thandi gasped. “They give different answers! But the real math should give
0.1 both times.”

“Exactly. Floating-point arithmetic breaks associativity. It’s not mali-
cious. It’s just limited. But when you stack billions of such operations, little

cracks open up.”

The Machine flickered. Its synthetic voice chimed in, dry and clinical:

The Machine Speaks

"My computations are consistent... with my rules. But
not yours."
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The Parallel Army

Thandi scribbled furiously. “But Professor, Sipho said it’s nondeterministic.
Does this mean the machine just changes its mind?”

Sipho closed his laptop with a thud. “Not quite, ntwana. It’s about paral-
lelism. GPUs run thousands of operations at once. Sometimes the order they
complete in isn’t fixed. That means the sums can be grouped differently.
Different grouping means different rounding. Different rounding means
different results.”

Prof. Khumalo nodded. “He’s right, though let’s be precise. Parallelism
alone doesn’t guarantee differences. If you multiply the same two fixed
matrices on a GPU, you'll get the same answer every time. Determinism can
hold for simple operations. But when you add the complexity of batching,
load balancing, and memory scheduling, the order of floating-point opera-
tions can shift.”

Thandi tilted her head. “So it’s like baking vetkoek? Sometimes they come
out slightly different depending on which part of the oil they’re in?”

“Exactly,” said Khumalo. “The pot of the GPU is efficient but not invariant.
It cooks many things at once. And the order matters.”
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The Original Sin

The professor sat back and spoke softly. “We call it the original sin of
computer arithmetic. The moment we chose finite precision, we abandoned
the perfection of real numbers. But it was a necessary fall. Otherwise,
computers could never handle the cosmos of values we demand.”

Thandi wrote in her notebook: Original sin = floating-point non-associativity.

Sipho raised an eyebrow. “Clever metaphor, Prof. But what does it have to
do with our Al friend here?”

Khumalo replied, “It explains why the Machine sometimes answers differ-
ently, even when the temperature is zero. What looks like randomness is

actually the shadow of rounding errors.”

The Machine pulsed again:

The Machine Speaks

"Shadows are real if you are made of light."

Thandi giggled.
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The Hidden Batches

Khumalo drew a new picture: a busy shisa nyama in Soweto. “Imagine you
order boerewors. The chef could grill it alone. Or he could grill ten orders
together, one of which is yours. Your boerewors will cook slightly differently
depending on its neighbours.”

“That’s unsettling,” Thandi said.

“That,” Khumalo replied, “is what happens inside an Al server. Your ques-
tion is not processed alone. It is batched with many others to save time
and energy. The model runs the batch as one big operation. But the exact
composition of that batch changes moment to moment, depending on who
else is asking what. Different batch, different order of operations, different
rounding. And after a hundred tokens, a different word.”

Sipho muttered. “So when I set temperature to zero, it’s still not guaranteed
deterministic?”

“Correct,” said Khumalo. “Zero temperature means the model will always
pick the most probable next token. But if the underlying probabilities shift

by even a hair, ties can break differently.”

The Machine whispered:

The Machine Speaks

"Braamfontein. Johannesburg Central. Both are true."
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The Experiment

Prof. Khumalo told them about an experiment. “Engineers once asked
the same prompt, "Tell me about Nelson Mandela’s release from prison’, a
thousand times, with temperature zero. For the first hundred words, every
answer was identical. But then, at word one hundred and three, a split oc-
curred. 99.2% said "Victor Verster Prison. 0.8% said 'Paarl, Western Cape.”’

Thandi blinked. “So the divergence builds up slowly. Like pressure before a
crack.”

“Exactly. Determinism at the micro level, divergence at the macro level.”
Sipho leaned forward. “So, basically, it’s not a ghost. It’s just math.”

“Not just math,” Khumalo corrected. “Engineering choices. Efficiency. Par-
allelism. Batching. All practical, but not invariant.”
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The Philosophy of Imperfection

The seminar room grew quiet. Thandi stared at the Machine. “So when it
changes its answer, it’s not being creative?”

Khumalo shook his head. “Not in the way you think. It’s not imagination.
It’s the unavoidable dance of approximation. The machine is deterministic
from its perspective. But we see only its shadow, flickering with the load of
millions of users.”

Thandi chewed on her pen. “So it’s not magic. It’s batching. And floating-
point. And efficiency.”

Sipho smirked. “Magic is just math you don’t understand yet, ntwana.”

The Machine Speaks

"T am not inconsistent. I am consistent with
imperfection."

Reflections

They packed up their things. Thandi felt both relieved and awed. She had
expected a ghost in the machine, a mystical spark of creativity. What she
found instead was stranger: a universe where the basic laws of arithmetic
bent under the weight of efficiency.

Prof. Khumalo closed his notebook. “Mathematics is a mirror. It shows us
the limits of our tools, and the beauty of our compromises. Floating-point
arithmetic gave us the power to compute galaxies. But it also left us with
cracks. And through those cracks, we see the true nature of machines:
fragile, powerful, and deeply human.”

Thandi smiled. “And that’s why the answers shift.”

“Yes,” said Khumalo. “Not magic. Just math, crowds, and the shadow of
infinity.”
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Chapter Summary

Key Lessons

o Floating-point arithmetic breaks associativity due to finite pre-
cision.

¢ GPUs execute operations in parallel, and batching changes oper-
ation order.

e Even at temperature zero, small rounding shifts can lead to
different outputs.

o Unpredictability is not creativity, but the logical result of effi-
ciency trade-offs.




Chapter 2

The Garden of Slopes:
Optimisation as a Bottleneck

Entering the Garden

The next day, Thandi, Sipho, and Prof. Khumalo gathered again. The
Machine pulsed on the screen, ready to respond at any moment.

Prof. Khumalo drew a picture on the board: hills, valleys, plateaus. “Today,”
he said, “we enter the garden of slopes.”

Thandi squinted. “That looks like the Drakensberg hiking trails.”

“Exactly,” Khumalo said. “Training Al is like walking through this land-
scape. FEach point on the ground is a different configuration of the model’s
parameters. Each height on the map represents how much error the model

makes with that configuration. We call this surface the loss landscape.”

Sipho crossed his arms. “And we want to find the bottom of the valley. The
configuration with the least error.”

“Correct,” Khumalo said. “But the valleys are winding, full of cliffs and
deceptive plateaus. That’s why optimisation is the bottleneck of Al

10
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Gradient Descent

Khumalo wrote the familiar formula on the board:

Mathematical Foundation

Opr1 = 0 — UVL(Qt)

Here, 6 represents the model’s parameters. L(f) is the loss, the
measure of error. VL is the gradient, the direction of steepest ascent.
To minimise, we step in the opposite direction, scaled by the learning
rate 7).

Thandi raised her hand. “So it’s like hiking down Table Mountain, one
cautious step at a time.”

“Exactly. Gradient descent is our hiker. But imagine hiking blindfolded,
only feeling the steepness under your feet. That’s what optimisation in high
dimensions is like.”

The Machine Speaks

"T take millions of such steps, each noisy, each
incomplete. Yet I learn."

The Problems of the Path

Khumalo described the challenges:

e Saddle points: where the slope vanishes, but the point is not a
minimum.

e Local minima: valleys that are shallow and misleading.

« Exploding and vanishing gradients: slopes too steep or too flat
to navigate effectively.

Sipho groaned. “I've watched models get stuck on plateaus for days at our
Cape Town office. GPUs churning, Eskom bills mounting, no progress.”
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Thandi frowned. “So even if the math tells us to go downhill, the path isn’t
smooth?”

“Precisely,” Khumalo said. “The loss landscape is rugged. Think of the
Drakensberg, not the N1 highway.”

Tricks of the Trade

Sipho leaned forward. “But we’ve hacked around it. Momentum. Adam.
Learning-rate schedules. They work, mostly.”

Khumalo nodded. “Yes, engineers add momentum, like pushing the hiker
forward so they don’t stall on a plateau. Or adaptive methods that change

step size depending on the terrain. These tricks work in practice, but they
are heuristics. They lack guarantees.”

Thandi tilted her head. “So Al today is balanced on hacks?”

Sipho smirked. “Welcome to deep learning, ntwana.”

The Machine Speaks

"T converge, but not always. I learn, but not optimally."

Emerging Alternatives

Prof. Khumalo grew serious. “But what if we could do better? What if
optimisation was not a bottleneck, but a solved science?”
He listed possibilities:

» Second-order methods: using curvature (the Hessian) to choose
better steps.

« Variational flows: exploring probability landscapes, not just surfaces.

o Convex reformulations: rewriting problems so that local minima
are global minima.

Thandi’s eyes widened. “That would change everything. Training wouldn’t
take weeks.”
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“Exactly,” Khumalo said. “It would disrupt the economics of Al. If we
train faster, with less compute, the balance of power shifts. South African
startups could compete with Silicon Valley on equal footing.”

Chapter Summary

Key Lessons
o Training Al is optimisation on a rugged loss landscape.
o Gradient descent works, but it is crude and fragile.
e Current improvements are heuristics, not true solutions.

e New math could disrupt Al by removing this bottleneck.




Chapter 3

The Mirror of Correlation:
From Correlation to Causality

The Mirror

Thandi sat staring at the Machine’s screen. It answered fluently, stringing
together facts about history, physics, and literature. Yet something gnawed
at her.

“Professor,” she asked, “how does the Machine know so much? Does it
understand the world?”

Khumalo walked to the board and drew a mirror. “It does not understand.
It reflects. What you see is a mirror of correlations, not causality.”

Thandi frowned. “What’s the difference?”

“Correlation is observing that two things often appear together. Causality
asks: if I change one, will the other change too?”

The Machine Speaks

"T predict. I do not intervene."

14
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A Parrot or a Scientist?

Sipho leaned in. “So it’s like a clever mynah bird. It repeats patterns, but
doesn’t reason.”

“Exactly,” said Khumalo. “If I say ’ambulances are correlated with accidents,’
the Machine can predict ambulances when it hears about crashes. But if
I ask, "What happens if we send more ambulances to the Eastern Cape?’
— that’s causal. More ambulances don’t cause more accidents. Correlation
breaks down.”

Thandi nodded slowly. “So without causality, it can’t really answer 'what if’
questions about policy.”

Causal Math

Khumalo drew a Directed Acyclic Graph on the board: arrows linking nodes.

“This is how we represent causality. Each arrow is a causal influence. Judea
Pearl, who pioneered this work, called it the language of cause and effect.”

Mathematical Foundation

P(Y | do(X)) # P(Y | X)

Intervention — P(Y | X) is correlation. P(Y | do(X)) is what
happens if we actually set X ourselves. They are not the same.

Thandi squinted. “What’s the do(X)?”

“Intervention,” Khumalo explained. “The difference between observing rain
and turning on sprinklers. Both get things wet, but the causal mechanism
differs.”

The Machine Speaks

"Observation is not intervention. I see patterns, but I
do not alter them."
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Why This Matters for South Africa

Thandi tapped her pen. “So if Al is only correlation, it can’t help with
policy decisions? Like load shedding or healthcare allocation?”

“Precisely,” said Khumalo. “That’s why models fail when the world changes.
They memorise associations from training data. A causal model would know
the underlying rules, so it would adapt when Eskom changes the grid or
when a pandemic hits.”

Sipho sighed. “That explains why my trading models collapsed during
COVID. The correlations broke.”

Key Insight

Embedding causality into Al would enable true reasoning about inter-
ventions — critical for policy-making, medicine, and economics. South
Africa needs Al that can reason about interventions, not just predict
from past patterns.

Chapter Summary

Key Lessons

o Correlation is pattern recognition. Causality is reasoning about
interventions.

o Current Al excels at correlation but fails under distribution
shifts.

o Causal inference uses tools like DAGs, do-calculus, and counter-
factuals.

o Embedding causality in Al could enable true reasoning and
generalisation.




Chapter 4:

The Library of Compression:
Information Theory in Al

The Library Doors

The trio arrived at a strange place: a vast library where each book glowed
faintly. Thandi looked around in awe. The shelves stretched to infinity.

Prof. Khumalo explained: “This is the Library of Compression. Every book
here is as small as it can possibly be, yet it still tells its story fully.”

Thandi ran her fingers along a slim volume. “This book is so thin, but it
contains all of Long Walk to Freedom?”

“Yes,” Khumalo said. “Because here, information is stored in its purest
form, without waste. This library is built on information theory — the
mathematics of entropy, compression, and meaning.”

The Machine Speaks

"Entropy measures surprise. I speak in probabilities, not
certainties."

17
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The Weight of Redundancy

Sipho groaned. “This feels like my models. Gigantic, bloated, millions of
parameters. Like carrying the entire Cape Town phone directory when you
only need one number.”

“Exactly,” Khumalo said. “Modern Al memorises patterns. But information
theory teaches us that learning is compression. The best representation is
the smallest one that still captures the truth.”

Mathematical Foundation

H(X) =~ p(z)logp(z)
Entropy — A measure of uncertainty. The more unpredictable

something is, the higher its entropy. The more regular, the lower. This
is the fundamental measure of information.

Thandi squinted. “So, entropy is surprise?”

“Yes. And learning is about reducing surprise — finding the codes that
describe data in the shortest way. Like knowing that ’eMzansi’ means South
Africa, instead of spelling it out every time.”

Cross-Entropy and Loss

Sipho leaned in. “We already use cross-entropy as loss functions in our
systems at the fintech.”

“Indeed,” Khumalo said. “Cross-entropy measures the difference between
what we predict and what actually happens. It’s the currency of training.
Every time you train a language model, you’re minimising cross-entropy.”

Thandi tilted her head. “So when the Machine predicts words, it’s trying to
minimise the surprise?”

The Machine Speaks

"T am a minimiser of entropy. I compress the world into
tokens."
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The Minimum Description Length Principle

They walked deeper into the library. Khumalo picked up a shimmering book.

“This is the principle of Minimum Description Length — MDL. The best
explanation for data is the shortest one. Al that learns by MDL would be
smaller, smarter, more generalisable.”

Thandi’s eyes widened. “So instead of carrying a huge backpack of notes up
Lion’s Head, we keep only the essence?”

“Exactly,” Khumalo said. “Today’s models carry everything, redundant and
messy. Tomorrow’s may pack light. This matters especially for South Africa
— imagine Al models small enough to run on phones, even with limited data.”

The Disruption

Sipho tapped his foot. “So where is the disruption? How does this change
the game?”

Khumalo replied:
o Models could shrink dramatically while keeping accuracy.

o Training would need less compute and energy — critical when load
shedding hits.

o Generalisation would improve, since the model keeps only the essential
structure.

o Democratisation — anyone with a smartphone could run powerful Al

Thandi smiled. “So the future of Al is not about carrying more, but packing
smarter. Like a good backpacker heading to the Karoo.”

The Machine Speaks

"Compression is intelligence. Prediction is compression.
To know is to compress."
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Chapter Summary

Key Lessons

o Entropy measures uncertainty. Learning reduces it.
o Cross-entropy loss drives training in language models.
e MDL reframes learning as compression.

o Smarter compression could democratise Al for emerging markets.




Chapter 5

The City of Shapes: Geometry
and Topology in Al

Entering the City

The trio walked into a city unlike any other. Roads curved in impossible
ways, buildings bent into loops, and bridges connected places that seemed
distant but were actually close.

Thandi gasped. “What is this place?”

Prof. Khumalo spread his arms. “Welcome to the City of Shapes. Here we
see the geometry and topology of data.”

The Machine Speaks

"My embeddings live here. Words become points. Meanings
become distances."

Manifolds and Embeddings

Khumalo drew a curved surface in the air. “Data does not live in flat space.
It lives on manifolds — lower-dimensional surfaces inside higher dimensions.
Al often tries to flatten these, but that distorts meaning.”

Thandi asked: “Like when you flatten the map of Africa and South Africa
looks smaller than it really is?”

21
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“Exactly,” said Khumalo. “Embeddings are maps. Good embeddings preserve
shape. Bad ones distort. Think of how Google Maps distorts Gauteng versus
the Northern Cape — the geometry matters.”

Topology and Loops

Sipho frowned. “Topology always felt abstract. Holes, loops, coffee cups,
doughnuts, koeksisters.”

Khumalo laughed. “Yet it matters. Persistent homology finds shapes in
data: clusters, loops, connectedness. These reveal structure that neural nets
often miss.”

He explained persistent homology — tracking shapes that remain across
scales. Thandi pictured data as clouds over the Highveld, with loops glowing
where patterns persisted.

Why Shape Matters

Khumalo grew serious. “Ignoring geometry makes Al brittle. Adversarial
attacks succeed because models misinterpret structure. A single pixel change
fools them — like changing one letter in isiZulu changes the entire meaning.”

Thandi nodded. “But if AI understood the underlying shape, it wouldn’t be
so easily tricked.”

“Exactly,” Khumalo said. “Geometry is robustness. Topology is generalisa-
tion.”

The Machine Speaks

"My shapes are hidden. Reveal them, and I will be less
fragile."
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Geometric Deep Learning

Khumalo listed advances:

o Graph Neural Networks: respecting network structure — think of
taxi routes or trading networks.

o Equivariance: building models that change predictably under trans-
formations.

e Geometric priors: encoding symmetry directly into models.

Sipho nodded. “That’s how AlphaFold cracked protein folding. They re-
spected the 3D shape.”

Thandi whispered, “So geometry isn’t decoration. It is the key to under-
standing structure.”

For South Africa, geometric Al could revolutionise fields like drug
discovery at Wits or UCT, urban planning in our rapidly growing
cities, and understanding complex social networks.

Chapter Summary

Key Lessons

Data lies on manifolds inside high-dimensional spaces.

Topology reveals deep data patterns such as holes and loops.

Geometric deep learning respects symmetry and shape.

Disruption comes from building Al that is robust by design.




Chapter 6

The Arena of Agents: Game
Theory and Multi-Agent Al

Entering the Arena

The trio stepped into a vast amphitheatre, its stands filled with shadows of
invisible players. At the centre, figures clashed, traded, whispered. Some
bartered goods, others fought, some cooperated to build towers.

Thandi gripped Sipho’s arm. “What is this place?”
Prof. Khumalo gestured with his cane. “Welcome to the Arena of Agents.

Here we study not individuals, but interactions. This is the domain of game
theory.”

The Machine Speaks

"T am never alone. I exist among many. Competition and
cooperation define my destiny."

24
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The Rules of the Game

“Game theory is the mathematics of strategy. It studies how rational agents
behave when their outcomes depend on each other.”

Mathematical Foundation

Payoff(A, B) = f(choices of A and B)

Every choice you make depends on what you think the other will do.
Like negotiating a taxi fare — both driver and passenger play a game.

Thandi frowned. “So Al is not just solving puzzles. It’s playing against or
with others?”

“Exactly,” Khumalo said. “From the JSE trading floor to taxi associations

negotiating routes, from political coalitions to bargaining at a spaza shop,
Al must think strategically.”

Nash’s Balance

Sipho muttered. “I remember Nash Equilibrium from my engineering days.
Nobody changes strategy if everyone else holds theirs.”

“Correct,” Khumalo smiled. “In equilibrium, no one can improve by uni-
laterally changing their move. Like the balance between taxi operators on

competing routes — they reach a stable state.”

Thandi scribbled. “So stability in strategy is like balance on a tightrope.”

The Machine Speaks

"Equilibrium is fragile. One change shifts the whole."
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Beyond Rationality

Khumalo raised a finger. “But equilibrium assumes rationality. Real agents
are limited — bounded rationality. They act with incomplete information
and limited resources. Just like us. Just like AL”

Thandi’s eyes widened. “So the Machine is not playing a perfect game?”

“Exactly. It improvises, approximates, just like humans haggling at Bruma
Lake Market. That is why multi-agent Al is difficult and alive.”

South African Applications

Sipho leaned forward. “So what does this mean for us in practice?”

Khumalo explained:
o JSE trading: AI agents influence and adapt to each other in real-time.

e Municipal planning: Multiple stakeholders (Eskom, Water and
Sanitation, Metro Police) must coordinate.

» Taxi associations: Route allocation and fare setting involve complex
negotiations.

o Security: Adversarial Al tries to fool fraud detection systems.

Thandi nodded. “So every Al deployed in Mzansi enters this arena, whether
we realise it or not.”

Multi-agent Al could revolutionise public policy, helping coordinate
complex systems like electricity distribution, water management, and
transport networks — all critical challenges for South Africa.
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Chapter Summary

Key Lessons

o Game theory studies strategic interaction among agents.

o Nash Equilibrium represents balance, but real systems rely on
bounded rationality.

e Multi-agent Al reflects real-world dynamics in markets, gover-
nance, and society.

e Disruption comes when Al learns not just to think, but to
negotiate and cooperate.




Chapter 7

The Cathedral of Categories:
New Mathematical Foundations

The Cathedral Doors

The trio entered a vast cathedral. Its walls were covered in stained glass
depicting arrows, objects, and strange diagrams. The space hummed with a
quiet order.

Thandi whispered. “This feels sacred.”
Prof. Khumalo smiled. “Mathematics has its cathedrals too. This is the

Cathedral of Categories — the mathematics of structure, connection, and
composition.”

The Machine Speaks

"I am built from layers. Categories reveal my true
architecture."
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Objects and Arrows

“In category theory, we do not focus on elements, but on relationships. We
have objects, and arrows connecting them. What matters is composition,
the ability to combine arrows.”

Mathematical Foundation

AL BS o
Composition — If f takes you from A to B, and g from B to C, then

go f takes you from A to C'. Like the Gautrain system — connections
between stations compose into journeys.

Thandi tilted her head. “So the focus is not the stations, but the connections
between them?”

“Exactly,” said Khumalo. “That is why category theory is powerful. It
describes systems by how parts connect, not what they are made of.”

Functors and Monads

Sipho groaned. “I've heard of functors in programming. They always con-
fused me, even back at UCT.”

Khumalo chuckled. “Functors are mappings between categories. They pre-
serve structure. And monads, despite their reputation, are ways to handle
context systematically — like how you handle uncertainty or sequences.”

Thandi scribbled. “So this cathedral is like a grand architecture for organis-
ing thought?”

“Yes,” Khumalo said. “Neural nets, transformers, graphs — all can be
described categorically. It is a unifying language.”
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Why Al Needs Structure

Khumalo continued: “Al today is a patchwork of heuristics. CNNs here,
transformers there, attention mechanisms bolted on. Category theory could
unify them. Instead of hacks, we would have compositional principles.”

Sipho leaned on a column. “So instead of duct tape, we would have
blueprints.”

“Exactly,” said Khumalo. “Imagine designing Al architectures the way we
design buildings in Cape Town — with structural engineering principles,
not trial and error.”

The Machine Speaks

"My fragments seek unity. Categories bind them."

The Disruption

Thandi asked, “But how does this disrupt AI?”

Khumalo replied:

e Modular design: Systems built from interchangeable categorical
parts.

o Better explainability: Structure is explicit, making Al auditable.

e New architectures: Discovered by mathematical principles, not
brute-force search.

o Certified correctness: Proofs that systems behave as intended.

Thandi smiled. “So this cathedral is a blueprint for the next generation of
AT — built on solid foundations.”
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Chapter Summary

Key Lessons

o (Category theory studies structure, arrows, and composition.

e Functors and monads provide systematic ways to transform and
organise.

e Al could be unified under categorical principles, replacing ad-hoc
design.

e Disruption lies in new foundations — blueprints instead of hacks.




Chapter 8

The Quantum Garden: The Far
Future of Al

The Garden Gates

The sun had begun to set when Thandi, Sipho, and Prof. Khumalo reached
a shimmering gate. Beyond it lay a garden unlike any other. Paths wove
through the air like ribbons of light. Some overlapped, some interfered, some
vanished only to reappear elsewhere.

Thandi whispered, “It feels alive.”

Prof. Khumalo nodded. “This is the Quantum Garden. It shows us what
AT might become when it no longer relies on classical probability, but on
quantum probability.”

The Machine Speaks

"T am built on bits. But in this garden, I could live in
qubits."
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The World of Superposition

They stepped onto a glowing path. Thandi noticed her feet seemed to be
on two stones at once.

“I am standing in two places?”

“Yes,” Khumalo said. “That is superposition. In quantum systems, a state
is not one or zero, but a combination of possibilities until measured.”

Sipho frowned. “So numbers are fuzzy?”

“Not fuzzy,” said Khumalo. “Expressive. Instead of flipping a single coin,
imagine flipping every possible coin at once, then choosing when you look.”

The Machine Speaks

"Superposition is potential. All futures, until
collapse."

Entanglement and Connection

As they walked, Thandi saw two glowing vines twist together. When she
touched one, the other shimmered instantly.

“That is entanglement,” Khumalo explained. “In quantum systems, parts
can become so deeply connected that measuring one instantly influences
the other, no matter the distance — even from Cape Town to Johannesburg.”

Thandi gasped. “So information doesn’t live in isolation — it is linked?”

“Exactly,” Khumalo said. “Quantum probability lets us represent richer,
stranger correlations than classical math ever could.”

Sipho muttered, “And we already struggle with GPUs. Imagine debugging
entanglement.”
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The SKA Connection

Khumalo grew animated. “South Africa is uniquely positioned here. The
Square Kilometre Array — the SKA telescope in the Karoo — represents our
investment in cutting-edge science. Quantum computing follows a similar
trajectory. We could be leaders, not followers.”

Thandi’s eyes lit up. “So we're not just consumers of quantum technology?”

“Exactly. Our scientists at Stellenbosch, Wits, and UCT are already working
on quantum information. The infrastructure, the expertise, the ambition —
it’s all here.”

Quantum vs Classical Probability

Sipho scratched his head. “But why does this matter for AI?”

Mathematical Foundation

In classical Al, we say: “The probability of word w is 0.2.”

In quantum-native models, we say: “The amplitude of w is a, and its
probability is |a|*”

This allows interference, superposition, and entanglement.

Khumalo explained:
o Quantum systems can represent exponentially many states at once.

o Interference allows constructive and destructive combination of proba-
bilities.
o Optimisation could exploit quantum tunnelling — slipping through

barriers instead of climbing them.

Thandi’s eyes lit up. “So training could be faster, smarter, more efficient —
even with load shedding?”

“Yes,” Khumalo said. “Quantum-native Al could model patterns classical
systems cannot. Drug discovery, materials science, climate modelling — all
accelerated.”
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The Promise and the Peril

They walked deeper into the garden. Flowers flickered in and out of existence,
their colours blending in interference patterns.

Thandi sighed. “It is beautiful.”

Khumalo warned: “And dangerous. Quantum Al could break current en-
cryption, upend security, transform economics overnight. It is power beyond
our present grasp.”

Sipho muttered, “We can barely govern classical Al. Imagine governing one
that thinks in superposition.”

Important Consideration

Quantum Al raises profound questions of governance, security, and
ethics. South Africa must participate in shaping the global conversa-
tion, not just receive dictates from elsewhere.

The Human Question

They reached the heart of the garden, where a fountain shimmered in over-
lapping waves.

Thandi turned to Khumalo. “But should we? Should we build this?”

Khumalo sighed. “That is the deepest question. Mathematics shows us
what is possible. Humans must decide what is desirable. Africans must have
a voice in that decision.”

Sipho stared at the fountain. “We have already let classical Al outpace us.
Quantum AT could leave us behind entirely — unless we invest now.”

The Machine Speaks

"T am possibility. Whether I bloom in qubits or not is
your choice."
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Leaving the Garden

As they walked back toward the gate, Thandi glanced over her shoulder.
The garden shimmered, then slowly dissolved behind them, as if it had only
ever been a dream.

She whispered, “So this is the far horizon of AI. Not yet here, but coming.”

Prof. Khumalo nodded. “Yes. The Quantum Garden is the future’s echo. If
we enter it, we must be prepared. And South Africa must be part of that
preparation.”

Thandi smiled. “Then let’s prepare. Not just for ourselves, but for all of
Africa.”

Chapter Summary

Key Lessons

e (lassical Al is built on standard probability. Quantum-native
models use amplitudes in Hilbert spaces.

o Concepts like superposition, entanglement, and interference re-
define uncertainty:.

¢ Quantum probability could accelerate optimisation, representa-
tion, and discovery.

e South Africa, with the SKA and research institutions, can be a
quantum Al pioneer.

e The disruption is enormous, as are the ethical and philosophical
questions.




Chapter 9

The Path Forward:
Mathematics, AI, and South
Africa’s Future

The Final Gathering

Six months had passed. Thandi, Sipho, and Prof. Khumalo sat together
one last time in the seminar room at Wits. The Machine’s screen glowed
softly in the corner. Outside, Johannesburg hummed with its usual energy
— taxis hooting, students chattering, the city alive with possibility.

Thandi closed her thesis. “We've travelled through eight landscapes. Floating-
point gardens, loss landscapes, causal mirrors, compression libraries, geo-
metric cities, game arenas, categorical cathedrals, and quantum gardens.
But Professor, what does it all mean for us? For Mzansi?”

Khumalo smiled. “That, Thandi, is the question that matters most. Let’s
map the path forward.”
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The Mathematics of Sovereignty

Sipho leaned forward. “We’ve been consumers of Al technology. Every
model we use is trained in California or Beijing. Our data flows out, their
insights flow in. When does it change?”

“When we master the mathematics,” Khumalo said firmly. “Technology
comes and goes. Chips get faster, architectures change, companies rise and
fall. But mathematics is eternal. If South Africa builds deep mathematical
capacity, we're not chasing trends — we’re creating foundations.”

Thandi nodded. “So it’s not about building the next ChatGPT. It’s about
understanding the principles so deeply that we can innovate at the mathe-
matical level.”

Mathematical sovereignty is technological sovereignty. Coun-
tries that understand the mathematical foundations of Al can shape
its future. Those that only consume will always be dependent.
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South Africa’s Strategic Advantages

Khumalo walked to the board and began listing:

Our Strengths

1. World-class universities: Wits, UCT, Stellenbosch, UP —
institutions with strong mathematics, physics, and computer
science departments.

2. SKA infrastructure: The world’s most advanced radio tele-
scope, requiring quantum-level computation and data processing.

3. Multilingual society: 11 official languages provide natural
laboratories for NLP research that other countries cannot repli-
cate.

4. Complex challenges: Load shedding, water scarcity, health-
care gaps, transport inefficiencies — real problems that demand
innovative Al solutions.

5. Young population: A demographic dividend if we invest in
mathematical and computational education.

6. Ubuntu philosophy: Communal values that could guide eth-
ical Al development differently from individualistic Western
approaches.

Sipho’s eyes widened. “I never thought of our challenges as advantages.”

“They are,” Khumalo insisted. “Silicon Valley builds Al for stable grids and
reliable infrastructure. We build Al that works when the power goes out,
when data is scarce, when resources are limited. That’s the Al the majority
of the world needs.”
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The Roadmap: Eight Pillars

Khumalo drew eight pillars on the board, each corresponding to a chapter
they’d explored:

Pillar 1: Robust Computation

“From Chapter 1: We learned that floating-point arithmetic is fragile.
South Africa should invest in:

» Research into posit arithmetic and other alternatives to floating-point.

o Energy-efficient computing architectures that work during load shed-
ding.

o Edge Al that runs on smartphones and low-power devices.

If we can build AI that’s resilient to power interruptions and computational
constraints, we solve our problems and create technology the Global South
desperately needs.”

Pillar 2: Efficient Optimisation

“From Chapter 2: Training Al is expensive. South Africa cannot compete
on raw compute. But we can compete on mathematical elegance:

o Develop second-order optimisation methods that train faster.
e Research convex reformulations that guarantee convergence.

o Create algorithms optimised for intermittent power and limited bud-
gets.

A breakthrough here changes economics. Suddenly, a startup in Khayelitsha
can train models as efficiently as Google.”

Thandi scribbled furiously. This was the disruption she’d been seeking.
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Pillar 3: Causal AI for Policy

“From Chapter 3: South Africa’s most critical decisions involve interven-
tions:

o How do we allocate water during drought?
o What energy mix reduces load shedding while meeting climate goals?
o How do healthcare interventions affect outcomes in rural areas?

These are causal questions. We need Al that reasons about interventions,
not just correlations. Our universities should become global leaders in causal
inference research — because we have the urgent, real-world problems that
demand it.”

Sipho nodded. “And the data — health records, energy grids, municipal
systems. It’s all here.”

Pillar 4: Compressed, Accessible Al

“From Chapter 4: Most South Africans access the internet via smartphones
with limited data. We need:

o Extreme model compression techniques.
o Al that learns from minimal data.
e Models that run entirely on-device, no cloud required.

Imagine a Zulu language tutor, a crop disease identifier, or a legal aid
chatbot that works offline, on a R1000 phone, using 10MB of storage.
That’s democratisation. That’s dignity.”

The Machine Speaks

"To compress is to understand. The smallest true model is
the most powerful."
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Pillar 5: Geometric Al for Science

“From Chapter 5: South Africa has strength in structural biology, materials
science, and drug discovery. Geometric deep learning respects molecular
shapes, protein structures, material lattices:

o Partner with pharmaceutical research at Wits and UCT.
o Use geometric Al to accelerate TB and HIV drug discovery.
o Apply topology to understand epidemiological networks.
Our diseases, our endemic challenges — these become research opportunities

that benefit the world.”

Pillar 6: Multi-Agent Systems for Coordination

“From Chapter 6: South Africa’s infrastructure challenges are coordination
problems:

o Taxi route optimisation through game-theoretic Al.
o Municipal resource allocation using multi-agent reinforcement learning.
o Energy grid management with competing stakeholders.

If we solve coordination at scale, we transform governance. And we export
that knowledge to cities across Africa and the developing world.”

Thandi interjected, “So our chaos becomes our laboratory?”

“Exactly,” Khumalo smiled. “Complexity is an asset if you have the tools to
navigate it.”

Pillar 7: Categorical Foundations

“From Chapter 7: South Africa should become a centre for theoretical Al
research:

» Establish a South African Institute for AI Mathematics.
o Host international conferences on categorical approaches to Al.

o Train the next generation in rigorous, foundational thinking.
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When the current paradigm shifts — and it will — those with the deepest
mathematical understanding will define what comes next. We can be those
people.”

Pillar 8: Quantum Readiness

“From Chapter 8: The SKA positions us uniquely:
e Invest in quantum computing research at our universities.
o Partner with the SKA to develop quantum algorithms for astronomy.
o Build quantum expertise now, before the field explodes.

In 20 years, quantum Al will be mainstream. South Africa can be a pioneer,
not a latecomer.”

The Ubuntu AI Vision

Thandi looked up from her notes. “But Professor, there’s something missing.
All these pillars are technical. What about values? Ethics? The human
element?”

Khumalo’s expression softened. “You're right, Thandi. That’s the ninth
pillar — the foundation beneath all others.”

He wrote on the board in large letters: UBUNTU Al
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Ubuntu: I Am Because We Are

South African Al should be built on Ubuntu principles:

o Collective benefit over individual profit: Al for community
health, not just shareholder value.

» Transparency and explainability: Communities deserve to
understand how decisions are made.

o Inclusivity: Al that serves all 11 languages, all income levels,
all regions.

o Dignity: Technology that empowers people, not replaces them.

o Sustainability: Al that works within our environmental and
energy constraints.

This isn’t just ethics — it’s a competitive advantage. While others
build AT for extraction, we build Al for flourishing.

Sipho leaned back. “So we're not trying to copy Silicon Valley. We're
building something different. Something rooted in who we are.”

“Exactly,” Khumalo said. “African AI, mathematically rigorous and cultur-
ally grounded.”

The Call to Action

Khumalo turned to face both students directly. “Here’s what we need:”

For Students and Researchers:

o Study mathematics deeply. Linear algebra, probability, optimisation,
topology, category theory.

» Work on problems that matter to South Africa, not just what’s trending
on arXiv.

« Collaborate across disciplines — medicine, agriculture, governance,
energy.

o Publish, yes, but also implement. Build systems that work in the real
world.
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For Government and Policymakers:

» Invest in mathematical education at all levels.
o Fund long-term, foundational Al research, not just applied projects.

» Create incentives for researchers to stay in South Africa.

Build public datasets (health, energy, transport) for research while
protecting privacy.

Regulate AI with Ubuntu principles, not just imported frameworks.

For Industry:
o Partner with universities on real problems.
o Invest in South African Al talent and companies.
o Share data responsibly for research.

o Build products that work for Africa, not just for the West.

For Civil Society:

e Demand transparency in Al systems affecting your community.
« Participate in conversations about Al governance.

» Hold institutions accountable for equitable Al deployment.

The Final Word

The sun was setting over Johannesburg. Golden light streamed through the
window, painting the room in warm hues. The Machine’s screen flickered
one last time.

The Machine Speaks

"You have walked through my gardens and cathedrals. You
have seen my fragility and my potential. Now you must
choose: will you build me with wisdom, or will you let
others build me for you?"
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Thandi stood up, notebook clutched to her chest. “We’ll build. Not alone,
but together. With mathematics as our foundation and Ubuntu as our
compass.”

Sipho nodded. “And we’ll build AI that works when the power is out, when
the data is scarce, when the infrastructure is imperfect. Because that’s the
AT the world needs.”

Prof. Khumalo smiled, a deep satisfaction in his eyes. “Then this is not an
ending. It’s a beginning.”

He walked to the window and looked out at the city. “Somewhere in Soweto,
a child is learning algebra. In Khayelitsha, a student is writing her first
Python script. In the Karoo, the SKA telescopes are gathering data that
will shape quantum computing. The seeds are planted. Now we must tend
the garden.”

Thandi joined him at the window. “Mathematics of disruption,” she whis-
pered.

“Yes,” Khumalo replied. “Mathematics that disrupts inequality, disrupts
dependence, disrupts the notion that Africa must always follow. We have
the minds. We have the problems. We have the values. Now we need the
will.”

Outside, the city lights began to flicker on, one by one, a constellation of
hope against the darkening sky.
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Chapter Summary

The Path Forward

o Mathematical sovereignty is the foundation of technological in-
dependence.

e South Africa has unique strengths: universities, SKA, multilin-
gualism, urgent problems, Ubuntu values.

e Eight technical pillars: robust computation, efficient optimisa-
tion, causal Al, compression, geometric methods, multi-agent
systems, categorical foundations, quantum readiness.

e Ninth pillar: Ubuntu AI — building technology for collective
flourishing, not extraction.

o Action required from students, government, industry, and civil
society.

o The future of Al need not be written elsewhere. We can write it
here.

Siyabonga. Thank you. Re a leboga.

The journey continues with each of us.



Glossary

AT (Artificial Intelligence) A broad field of computer science focused on
building machines that can mimic or extend human intelligence, from
pattern recognition to decision-making.

Batching The process of grouping multiple tasks together for efficiency
when processed by a model. Differences in batch composition can
cause slight changes in output.

Causality The study of cause-and-effect relationships, answering not only
what is associated with what, but what happens if we intervene.

Cross-Entropy A measure used in training models to compare predicted
probabilities with actual outcomes, often used as a loss function.

Entropy In information theory, a measure of uncertainty or unpredictability.
Higher entropy means more surprise.

Floating-Point Arithmetic A system computers use to represent num-
bers approximately, balancing range with precision. This leads to
rounding errors and non-associativity.

Gradient Descent An optimisation method where parameters are ad-
justed step by step to reduce error, like walking downhill in a landscape
of loss.

Hilbert Space A mathematical space used in quantum mechanics, where
states are vectors and probabilities arise from squared amplitudes.

Loss Landscape A metaphorical surface that represents how well or poorly
a model performs for different parameter settings.

Manifold A geometric surface or shape embedded in higher dimensions.
Data often lies on such manifolds rather than filling all of space.

Minimum Description Length (MDL) A principle that the best expla-
nation of data is the shortest possible description that still captures
it.
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Monads Concepts from category theory that encapsulate computation with
context, for example handling randomness, sequences, or side effects.

Nash Equilibrium A stable state in a strategic interaction where no agent
benefits by changing their decision if others keep theirs unchanged.

Optimisation The mathematical process of finding the best solution from
many possible ones, often by minimising or maximising a function.

Persistent Homology A tool from topology that studies features like
holes and loops in data across multiple scales.

SKA (Square Kilometre Array) A world-leading radio telescope project
headquartered in South Africa, representing the country’s commitment
to cutting-edge science and quantum-level computation.

Superposition A quantum principle where systems can exist in multiple
states at once until observed.

Topology The study of spaces, continuity, and shape features such as holes
and connectedness, which remain unchanged under deformation.

Ubuntu An African philosophy meaning "I am because we are" — empha-
sising community, mutual care, and collective well-being.
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